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1
$\mathfrak{g}$
$\mathbb{C}$ Kac-Moody ’)- , $\mathfrak{h}$ Cartan
. $\triangle$ , $\Delta^{+}$ ,
. $\Delta_{\mathrm{r}\mathrm{e}’ \mathrm{i}\mathrm{m}}^{+}\triangle^{+}$
. $\mathfrak{h}^{*}$ - $(, )$ : $\mathfrak{h}\mathrm{x}\mathfrak{h}arrow \mathbb{C}$ ,
$\alpha$ $\alpha^{\vee}=\frac{2\alpha}{(\alpha,\alpha)}$ . $W$ .
$\mathfrak{g}$ $\mathfrak{n},$ $\mathfrak{n}^{-},$
$\mathrm{b},$
$\mathrm{b}^{-}$
$\mathfrak{n}=\oplus \mathfrak{g}_{\alpha}$ , $\mathfrak{n}^{-}=\oplus 9-\alpha$
$\alpha\in\Delta+$ \alpha \in \Delta
$\mathrm{b}=\mathfrak{h}\oplus \mathfrak{n}$, $\mathrm{b}^{-}=\mathfrak{h}\oplus \mathfrak{n}^{-}$
. $\mathfrak{g}_{\alpha}$ $\alpha\in\triangle$ .
$M$ $\mu\in \mathfrak{h}^{*}$
$M_{\mu}=\{m\in M|hm=\mu(h)m(h/\in \mathfrak{h})\}$ .
. $\mathfrak{h}$ $M$
$M= \bigoplus_{\mu\in \mathfrak{h}^{*}}M_{\mu}$
,
$\dim M_{\mu}<\infty$ for any $\mu\in \mathfrak{h}^{*}$
,
$\mathrm{c}\mathrm{h}(M)=\mu\in\sum_{\mathfrak{y}*}(\dim M)\mu \mathrm{e}^{\mu}$
.
.
$\lambda\in \mathfrak{h}^{*}$
$\mathfrak{g}$
$M(\lambda),$ $L(\lambda)$
$M( \lambda):=U(\mathfrak{g})/(\sum_{\in h\mathfrak{y}}U(9)(h-\lambda(h))+U(9)\mathfrak{n})$
,
$L(\lambda)$ :=M(\mbox{\boldmath $\lambda$})/( )
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.$\mathrm{c}\mathrm{h}(M(\lambda))=\frac{\mathrm{e}^{\lambda}}{\prod_{\alpha\in\Delta^{+}}(1-\mathrm{e}-\alpha)^{\mathrm{d}}\mathrm{i}\mathrm{m}\mathfrak{g}_{\alpha}}$
$= \mathrm{e}^{\lambda}\prod_{\Delta^{+}\alpha\in}(1+\mathrm{e}-\alpha+\mathrm{e}-2\alpha+\cdots)^{\mathrm{d}}\mathrm{i}\mathrm{m}\mathrm{g}_{\alpha}$
.
. $\mathrm{e}^{\xi}$ $\mathrm{e}^{\xi_{1}}\mathrm{e}^{\xi_{2}}=\mathrm{e}\xi 1+\xi 2$ .
11. $\lambda\in \mathfrak{y}*$ $\mathrm{c}\mathrm{h}(L(\lambda))$ .
$\rho\in \mathfrak{y}*$ , $\alpha\in$ $(\rho, \alpha^{\vee})=1$ ,
$W$ $\mathfrak{y}*$
$w\circ\mu=w(\mu+\rho)-\rho$ $(w\in W, \mu\in \mathfrak{h}^{*})$ .
. $l:Warrow \mathbb{Z}_{\geq 0}$ , .
12(Weyl-Kac). $\lambda\in \mathfrak{h}^{*}$
$(\lambda+\rho, \alpha^{\mathrm{v}})\in \mathbb{Z}>0$ $(\alpha\in\Delta_{\mathrm{r}\mathrm{e}}^{+})$
, .
$\mathrm{C}\mathrm{h}(L(\lambda))=\sum_{w\in W}(-1)^{l}(w)_{\mathrm{C}\mathrm{h}(M}(w\circ\lambda))$
.
$M(\lambda)$ , $\mu$ $L(\mu)$
, $M(\lambda)$ $L(\mu)$ [ $M(\lambda)$ : $L(\mu)$ $\rceil$ ,
(1)
$\mathrm{c}\mathrm{h}(M(\lambda))=\sum[M(\lambda) : L(\mu)]_{\mathrm{C}}\mathrm{h}\mu(L(\mu))$
,
. $\lambda,$ $\mu\in \mathfrak{h}^{*}$ $[M(\lambda) : L(\mu)]$ ,
$\mathrm{c}\mathrm{h}(L(\mu))$ – (1)
(2)
$\mathrm{c}\mathrm{h}(L(\mu))=\sum a(\mu, \lambda)_{\mathrm{C}\mathrm{h}(}M(\lambda))\lambda$
$(a(\lambda, \mu)\in \mathbb{Z})$
. 1.1 :
13. $\lambda,$ $\mu\in$ * $[M(\lambda):L(\mu)]$ .
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2 $-$
dimg $<\infty$ . $P$
,
$P=$ { $\lambda\in \mathfrak{h}^{*}|(\lambda+\rho,$ $\alpha^{})\in \mathbb{Z}$ for any $\alpha\in\triangle^{+}$ }
,
$P_{\mathrm{r}\mathrm{e}\mathrm{g}}=$ { $\lambda\in P|(\lambda+\rho,$ $\alpha^{\vee})\neq 0$ for any $\alpha\in\Delta^{+}$ },
$P^{+}=$ { $\lambda\in P|(\lambda+\rho,$ $\alpha^{\vee})>0$ for any $\alpha\in\Delta^{+}$ },
$P^{-}=$ { $\lambda\in P|(\lambda+\rho,$ $\alpha^{\vee})<0$ for any $\alpha\in\triangle^{+}$ }.
.
$P_{\mathrm{r}\mathrm{e}\mathrm{g}}=W\circ P^{+}=W\circ P^{-}$ , $w_{0^{\circ}}P^{+}=P^{-}$ ,
. $w_{0}$ $W$ .
21. (Kazhdan-Lusztig [13], Brylinski- [2],
Beilinson-Bernstein [1] $)$
(i) $\lambda\in P^{+}$
$\mathrm{c}\mathrm{h}(L(w\circ\lambda))=\sum_{y\geqq w}(-1)^{\ell(y)\ell}-(w)Qw,v(1)_{\mathrm{C}}\mathrm{h}(M(y\circ\lambda))$
.
(ii) $\lambda\in \mathrm{p}-$
$\mathrm{c}\mathrm{h}(L(w\circ\lambda))=\sum_{y\leqq w}(-1)\ell(w)-\ell(y)P_{y},w(1)\mathrm{c}\mathrm{h}(M(y\circ\lambda))$
.
$\geqq,$ $P_{y,w}(q),$ $Q_{y,w}(q)$ , Bruhat , Kazhdan-Lusztig
, Kazhdan-Lusztig .
$Q_{w,y}(q)=Pw_{\text{ }},wu\prime 0(yq)$ , (i) (ii)
. ’
( ) Kazhdan-Lusztig . Coxeter
$(W, S)$ $H(W)$ Hecke . $H(W)$ $\mathbb{Z}[q, q^{-1}]$
, $\mathbb{Z}[q, q^{-1}]$ $\{T_{w}\}_{w\in w}$ ,
$\tau_{w_{1}}\tau_{w2}=\tau_{w_{1}w_{2}}$ if $l(w_{1}w_{2})=\ell(w1)+l(w_{2})$ ,
$(T_{s}+1)(T_{S^{-}}q)=0$ for $s\in S$.
( $T_{e}=1$ ).
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22(Kazhdan-Lusztig [13]). $w\in W$ $C_{w}\in H(W)$
$C_{w}= \sum_{y\leq w}P_{y,w}(q)\tau_{y}=q-\ell(w)\sum_{wy\leq}P(y,wq-1)\tau^{-}y^{-1}1$
with
$P_{y,w}(q)\in \mathbb{Z}[q]$ ,
$P_{w,w}(q)=1$ ,
$\deg P_{y,w}(q)\leqq\frac{\ell(w)-p(y)-1}{2}$ for $y<w$
– .
$w\leqq y$ $Q_{w,y}(q)\in \mathbb{Z}[q]$
$\sum_{w\leqq y\leqq z}(-1)^{\ell(w)(y)}-\ell Qw,y(q)P_{y,z}(q)=\delta_{w},z$
.
2.3 (Kazhdan-Lusztig [13]).
$|W|<\infty$ $\Rightarrow$ $Q_{w,y}(q)=P_{y\mathit{0}}w,ww0(q)$ .
$w_{0}$ $W$ . .
– ,
. .
$\lambda\in \mathfrak{y}*$
$\triangle^{+}(\lambda)=\{\alpha\in\Delta^{+}|(\lambda+\rho, \alpha)\in \mathbb{Z}\}$ ,
$\Pi(\lambda)=\{\alpha\in\triangle+(\lambda)|s_{\alpha}(\triangle^{+}(\lambda))\cap(-\Delta(\lambda))=\{-\alpha\}\}$,
$W(\lambda)=\langle s\alpha|\alpha\in\Delta+(\lambda)\rangle\subset W$,
$S(\lambda)=\{S\alpha|\alpha\in\Pi(\lambda)\}$ ,
$\Delta_{0_{0}(}^{+}\square (\lambda)=_{\mathrm{t}^{\alpha}\in}\lambda)=\{\alpha\in\triangle_{0()1}^{+}\triangle+(\lambda)|(\lambda+\rho,\alpha \mathrm{v}_{)0}\lambda s_{\alpha}(\triangle_{0}^{+}(\lambda))\cap=(-\},\Delta_{0}(\lambda))=\{-\alpha\}\}$
,
$W_{0}(\lambda)=\langle s_{\alpha}|\alpha\in\Delta+(0)\lambda\rangle\subset W(\lambda)$ ,
$S_{0}(\lambda)=\{s_{\alpha}|\alpha\in\Pi \mathrm{o}(\lambda)\}$.
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. $(W(\lambda), S(\lambda))$ $(W_{0}(\lambda), s_{0}(\lambda))$ Coxeter .
Coxeter $(W(\lambda), S(\lambda))$ Bruhat , , Kazhdan-Lusztig
, Kazhdan-Lusztig , $\leq\lambda,$ $\ell\lambda,$ $P_{y,w}^{\lambda}(q),$ $Qy,w(\lambda)q$ .
$C^{+},$ $C^{-}$
$C^{+}=$ { $\lambda\in \mathfrak{h}^{*}|(\lambda+\rho,$ $\alpha^{\vee})\geqq 0$ for any $\alpha\in\triangle^{+}(\lambda)$ },
$C^{-}=$ { $\lambda\in \mathfrak{h}^{*}|(\lambda+\rho,$ $\alpha^{\vee})\leqq 0$ for any $\alpha\in\Delta^{+}(\lambda)$ }.
,
$\mathfrak{h}^{*}=\mathrm{u}W(\lambda)\circ\lambda=\mathrm{u}W(\lambda)\circ\lambda$ .
$\lambda\in C^{+}$ $\lambda\in C^{-}$
.
24. (i) $\lambda\in C^{+}$ . $w\in W(\lambda)$ $wW\mathrm{o}(\lambda)$ ,
$\mathrm{c}\mathrm{h}(L(w\circ\lambda))=\sum_{y\geqq_{\lambda}w}(-1)^{\ell_{\lambda}(y})-\ell_{\lambda(}w)Q\lambda(1)\mathrm{c}w,y\mathrm{h}(M(y\circ\lambda))$
.
. (ii) $\lambda\in C^{-}$ . $w\in W(\lambda)$ $wW_{0}(\lambda)$ ,
$\mathrm{C}\mathrm{h}(L(w\circ\lambda))=\sum_{y\leqq\lambda w}(-1)^{l_{\lambda}}(w)-\ell_{\lambda(}y)_{P}\lambda(y,w1)\mathrm{C}\mathrm{h}(M(y\circ\lambda))$
.
.
(i) (ii) . Jantzen [5]
, $\lambda$ .
, Beilinson-Bernstein ( ) Lusztig [14]
.
3 Kac-Moody $\mathrm{I}$) $-$
$\mathfrak{g}$ – Kac-Moody $1$] $-$ .
$\lambda\in \mathfrak{h}^{*}$
$\triangle^{+}(\lambda)=\{\alpha\in\triangle_{\mathrm{r}\mathrm{e}}+|(\lambda+p, \alpha)\in \mathbb{Z}\}$,
$\Pi(.\lambda)=\{\alpha\in\triangle+(\lambda)|_{\alpha}(\triangle^{+}(\lambda))\cap(-\triangle(\lambda))=\{-\alpha\}\}$,
$W(\lambda)=\langle s\alpha|\alpha\in\Delta+(\lambda)\rangle\subset W$,
$S(\lambda)=\{s\alpha|\alpha\in\Pi(\lambda)\}$ ,
$\triangle_{0}^{+}(\lambda)=\{\alpha\in\triangle+(\lambda)|(\lambda+\rho, \alpha^{\vee})=0\}$,
$\Pi_{0}(\lambda)=\mathrm{t}\alpha\in\triangle^{+}(0)\lambda|s_{\alpha}(\triangle_{0}^{+}(\lambda))\mathrm{n}(-\triangle_{0}(\lambda))=\{-\alpha\}\}$,
$W_{0}(\lambda)=\langle s\alpha|\alpha\in\Delta+(0)\lambda\rangle\subset W(\lambda)$ ,
$S_{0}(\lambda)=\{s_{\alpha}|\alpha\in\Pi \mathrm{o}(\lambda)\}$
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. $(W(\lambda), S(\lambda))$ $(W_{0}(\lambda), s\mathrm{o}(\lambda))$ Coxeter . $\leq_{\lambda},$ $l_{\lambda},$ $P_{y}^{\lambda},(wq^{)}\ovalbox{\tt\small REJECT}$ ’
$Q_{y,w}^{\lambda}(q)$ Coxeter $(W(\lambda), s(\lambda))$ Bruhat , , Kazhdan-
Lusztig , Kazhdan-Lusztig .
$C^{+},$ $C^{-}$
$C^{+}=\{\lambda\in \mathfrak{h}^{*}|(\lambda+\rho, \alpha^{})\geqq 0$ for any $\alpha\in\Delta^{+}(\lambda)$ ,
$(\lambda+\rho, \alpha)\not\in 2(\alpha, \alpha)\mathbb{Z}$ for any $\alpha\in\triangle_{\mathrm{i}\mathrm{m}}^{+}$},
$C^{-}=\{\lambda\in \mathfrak{h}^{*}|(\lambda+\rho, \alpha^{\vee})\leqq 0$ for any $\alpha\in\Delta^{+}(\lambda)$ ,
$(\lambda+\rho, \alpha)\not\in 2(\alpha, \alpha)\mathbb{Z}$ for any $\alpha\in\Delta_{\mathrm{i}\mathrm{m}}^{+}$}.
, ( $\mathfrak{g}$ )
$\mathfrak{y}^{*}\neq\supset \mathrm{u}W(\lambda)\circ\lambda\neq.\mathrm{u}_{c}W(\lambda)\circ\lambda_{\neq}\subset_{\mathfrak{h}}*\lambda\in c+\lambda\in-$
. $C_{\mathrm{r}\mathrm{e}\mathrm{g}}^{\pm},$ $C^{\pm}(\mathbb{Q}),$ $C_{\mathrm{r}\mathrm{e}\mathrm{g}}^{\pm}(\mathbb{Q})$
$c_{\mathrm{r}\mathrm{e}\mathrm{g}}^{\pm}=\{\lambda\in c^{\pm}|w\in W, w\mathrm{o}\lambda=\lambda\Rightarrow w=1\}$ ,
$C^{\pm}(\mathbb{Q})=$ { $\lambda\in C^{\pm}|(\lambda+p,$ $\alpha)\in \mathbb{Q}$ for any $\alpha\in\Delta^{+}$ },
$C_{\mathrm{r}}^{\pm}\mathrm{e}\mathrm{g}(\mathbb{Q})=c^{\pm\pm}\cap c\mathrm{r}\mathrm{e}\mathrm{g}(\mathbb{Q})$
.
31( - [11]). $\mathfrak{g}$ – $Kac$-Moody Lie
. $\lambda\in C_{\mathrm{r}\mathrm{e}}^{+}(\mathrm{g}_{\backslash }\mathbb{Q})$ , $w\in W(\lambda)$
$\mathrm{c}\mathrm{h}(L(w\circ\lambda))=\sum_{\lambda y\geqq w}(-1)\ell\lambda(y)-\ell_{\lambda}(w)Q_{w,y}\lambda(1)\mathrm{c}\mathrm{h}(M(y\mathrm{o}\lambda))$
.
.
32( - [12]). $\mathfrak{g}$ $-$ .
(i) $\lambda\in C^{+}$ , $W\in W(\lambda)$ $wW_{0}(\lambda)$
,
$\mathrm{c}\mathrm{h}(L(w\mathrm{o}\lambda))=y\geqq\sum(-1)^{\ell_{\lambda}(y)-}\ell\lambda(w)Q_{w,y}\lambda(1)\mathrm{C}\mathrm{h}(M(y\circ\lambda)\lambda w)$
.
(ii) $\lambda\in C^{-}$ , $W\in W(\lambda)$ $wW_{0}(\lambda)$
,
$\mathrm{C}\mathrm{h}(L(w\circ\lambda))=\sum_{y\leqq_{\lambda}w}(-1)^{\ell\prime}\lambda(w)-l_{\lambda}(y)_{P}\lambda(y,w1)\mathrm{C}\mathrm{h}(M(y\circ\lambda))$
.
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4
.
Schubert . $X=G/B^{-}$
.
$\mathrm{A}^{\infty}=\mathrm{s}_{\mathrm{P}}\mathrm{e}\mathrm{C}\mathbb{C}[x_{i}|i\in \mathbb{Z}]$
. $w\in W$ ,
$X^{w}=BwB^{-}/B^{-}\subset X$ , $X_{w}=B^{-}wB^{-}/B^{-}\subset X$
.
41( [6]). (i) $X=\mathrm{u}w\in WX^{w}$ .
(ii) $X^{w}\cong \mathrm{A}^{\infty}$ and $\mathrm{c}\mathrm{o}\dim X^{w}=\ell(w)$ .
(iii) $\overline{X^{w}}=\mathrm{u}_{y\geq w}X^{y}$ .
42( - [9]). $X’= \bigcup_{w\in W}X_{w}$ , . (i)
$X’=\mathrm{u}w\in WX_{w}$ .
(ii) $Xw\cong \mathrm{A}\ell(w)$ .
$(\mathrm{i}\mathrm{i}\mathrm{i})\overline{Xw}=\mathrm{u}_{y}\leqq^{x_{y}}w$ .
$\overline{X^{w}}$ Schubert , $\overline{X_{u)}}$ Schubert
.
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Algebraic part
$\lambda\in C^{+}$ , $w\in W(\lambda)$ $L(w\circ\lambda)$ Schubert
$\overline{X^{w}}$
$D_{X}(\lambda)$ , $\lambda\in C^{-}$ , $w\in W(\lambda)$
$L(w\circ\lambda)$ Schubert $\overline{X_{w}}$ $D_{X}(\lambda)$
. , $\lambda=0\in C^{+}$
.
$D_{X}$ $\mathcal{M}_{w},$ $\mathcal{L}_{w}$
$\mathcal{M}_{w}=\mathrm{D}i_{w!^{\mathcal{O}_{X}w}}$ , $\mathcal{L}_{w}=\mathrm{D}iw!*\mathcal{O}xw$
. $i_{w}$ : $X^{w}arrow X$ , $\mathrm{D}i_{w!},$ $\mathrm{D}i_{w!*}$ $D$
( ).
$\tilde{\Gamma}$ : { $B$-equivariant $D_{X}$-modules} $arrow$ { $\mathfrak{g}$-modules}.
, .
43. (i) $\overline{\Gamma}$ .
(ii) $\Gamma(\mathcal{M}_{w})=M(w\circ 0)$ .
(iii) $\tilde{\Gamma}(\mathcal{L}_{w})=L(w\mathrm{o}0)$ .
Riemann-Hilbert
De Rham
$DR$ : {regular holonomic $D_{-}\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{S}$} $\simeq$ {perverse sheaves}
.
4.4. (i) $DR(\mathcal{M}_{w})=\mathbb{C}_{X}w[-\ell(w)]$ .
(ii) $DR(\mathcal{L}_{w})=^{\pi}\mathbb{C}_{X^{w}}[-\ell(w)]$ .
Topological part
45. ( ) Grothendieck
$[ \mathbb{C}_{X^{w}\mathrm{t}^{-}}\mathrm{r}\ell(w)]]=\sum_{\geqq yw}(-1)\ell(y)-\ell(w)Q_{w},y(1)[\pi_{\mathbb{C}xy}[-\ell(y)]]$
.
43, 44, 45 .
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